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ABSTRACT
The modified Lane-Emden equation for stellar hydrostatic equilibrium in f(R)-gravity
is numerically solved by using an iterative procedure. Such an integro-differential equa-
tion can be obtained in the weak field limit approximation of f(R)-gravity by con-
sidering a suitable polytropic equation of state in the modified Poisson equation. The
approach allows, in principle, to deal with still unexplored self-graviting systems that
could account for exotic stellar structures that escape standard stellar theory.
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1 INTRODUCTION
Extended Theories of Gravity (ETGs) are acquiring more
and more interest in modern astrophysics and cosmol-
ogy due to several inescapable issues and shortcomings
that, in principle, could be addressed by revising or
extending General Relativity (GR) (Capozziello et al.
2011, 2010; De Laurentis & Capozziello 2011, 2012;
De Laurentis & De Martino 2013; Capozziello et al. 2008,
2009, 2007; Bogdanos et al. 2010). In particular, observa-
tional and theoretical issues related to dark matter (DM)
and dark energy (DE) could be encompassed in a new
picture where gravitational interaction is depending on
the scale of the self-gravitating systems without requiring
further material ingredients (Capozziello & De Laurentis
2012) that, up to now, seem extremely elusive (see the re-
cent results of the LUX Collaboration 2013). In particular,
one of the most famous observational issues which needs
DM, in addition to the visible one, concerns dynamics
of stellar objects in galaxies, a problem arising since the
beginning (Oort 1932, 1960). The disagreement between the
observed and expected mass needed to explain dynamics
soon revealed to be present even at cosmological scales
(Zwicky 1933). Besides, the observed accelerating behavior
of the Hubble flow (Riess et al. 2004) needs to be addressed
at fundamental level either by revising the Standard
Cosmological Model or finding out cosmic fluids capable of
giving rise to cosmic acceleration.
It is however worth pointing out that the possibil-
ity to consider modifications of the Newtonian dynam-
ics should be taken into account not only when consid-
ering the coupling of matter and gravity field of each-
other influencing distinct objects, but also in the case of
self-gravitating systems. These can be of different types
and sizes: collapsing molecular clouds, instability strip and
main sequence stars, hyper-massive stars, and post-evolved
very compact objects such as magnetars (Capozziello et al.
2012; De Laurentis & De Martino 2013). In particular, ex-
otic compact objects are not only matter of speculative the-
ories but are gaining observational evidence of their pres-
ence (Muno et al. 2006) and very often escape interpreta-
tion in the framework of standard Newtonian theory. Specif-
ically, the structure and evolution of very massive stars
is a key field of investigation for interpreting peculiar ob-
jects like Gamma Ray Burst (GRB). The nature of pro-
genitors could play a crucial role in determining the ener-
getics and hydrodynamical processes related to the central
engine in order to provide the observed enormous amount
of 1051÷54 erg of electromagnetic energies. Suitable candi-
dates for GRB progenitors are thought to be Wolf-Rayet
stars with hydrogen-stripped envelopes and masses of the
helium core M ∼ 15÷ 30M⊙.
Additionally, numerical simulations claim for the pos-
sibility of pair-instability supernovae with M & 130M⊙ as
possible progenitor, if not for all, at least for a part of GRBs
(Chardonnet et al. 2010). It is thus evident that addressing
the problem of stellar stability over a wide range of masses
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and radii has important implications for several aspects of
their pre- and post- evolutionary history. These theoreti-
cal issues can be considered valid both at descriptive and
predictive level: from one side there is the need to explain
the existence of objects which seem to have masses higher
than their expected value (i.e. Volkoff magnetars); from the
other side, providing theoretically stable stellar models (not
yet observed) can have important implications both for stel-
lar evolution and for testing gravity. In particular, modified
gravity theories may lead to extra branch of solutions for
neutron stars as recently pointed out in Astashenok et al.
(2013).
In general, the stability of stellar structures is strictly
related to the hydrostatic equilibrium conditions. Equations
governing such equilibrium contain the gradient of the grav-
itational potentials and are, ultimately, related to the field
equations governing the coupling between matter and grav-
itational field. In the Newtonian theory, if the thermody-
namical relations of stellar structures are determined by a
polytropic equation of state between pressure and density,
the gravitational potential Φ is determined through the well
known Lane-Emden equation (LEE). The weak-field approx-
imation in GR case leads to a generally non-linear second-
order differential equation governing the behaviour of the
gravitational potential over the polytropic stellar structure
(Kippenhahn & Weigert 1990).
However, when the Hilbert-Einstein action is modified
considering a function f(R) of the Ricci scalar, in partic-
ular, if we expand this function up to R2, the weak field
equations lead to a system of coupled modified Poisson
equations between Φ and the scalar curvature invariant R
(Capozziello et al. 2011). This means, equivalently, that two
gravitational potentials have to be considered being the
field equations of fourth order (Capozziello & De Laurentis
2011). This system gives rise to a modified Lane-Emdem
equation (MLEE) for Φ which contains an additional con-
volutional term related to the Yukawa-like correction in the
gravitational potential (Capozziello & De Laurentis 2012).
The importance of this term depends on the interaction
length-scale over which it acts.
In this paper, we will consider numerical solutions of
MLEE coming from f(R)-gravity. We want to show that,
beside standard stellar structures, coming from the New-
tonian limit of GR, other structures could be addressed.
The eventual detection of such structures could constitute a
formidable test for alternative theories of gravity, in partic-
ular for ETGs.
The paper is organized as follows: in Section 2 we review
briefly how the MLEE comes out in the context of f(R)-
gravity. In Section 3, a description of the algorithm used
to numerically integrate the MLEE is given. In Section 4
we show the numerical results for some values of polytropic
index comparing them with GR results. In particular, we
discuss the role of the Yukawa-like correction coming out in
the Newtonian potential. Stellar masses and gravitational
energy binding are calculated in Section 5. Finally, discus-
sions and conclusions are drawn in Section 6.
2 THE MODIFIED LANE-EMDEN EQUATION
The modified Lane-Emden equation (MLEE) has been
derived in the context of f(R)-gravity, for self-gravitating
systems in the linear approximation of weak field
(Capozziello et al. 2011). We refer the reader to that
paper for the mathematical details and its derivation. Here,
we briefly report the the most relevant steps.
In the metric approach, the f(R) field equa-
tions are obtained by varying the action with re-
spect to gµν (Capozziello & De Laurentis 2011;
Nojiri S. & Odintsov S.D. 2011; Nojiri & Odintsov 2007;
Capozziello S. & Francaviglia M. 2008; Capozziello et al.
2009). We get


f ′(R)Rµν −
f(R)
2
gµν − f(R);µν + gµνf
′(R) = X T (m)µν ,
3f ′(R) + f ′(R)R− 2f(R) = X T (m) ,
(1)
where the second equation is the trace. Here, Tµν =
−2√−g
δ(
√−gLm)
δgµν
is the the energy-momentum tensor of mat-
ter, while T = T σσ is the trace, f
′ = df(R)
dR
,  = ;σ
;σ
and X = 8πG1. The conventions for the Ricci tensor is
Rµν = R
σ
µσν while for the Riemann tensor is R
α
βµν =
Γαβν,µ+.... The affinities are the standard Christoffel symbols
Γµαβ =
1
2
gµσ(gασ,β + gβσ,α − gαβ,σ). The adopted signature
is (+−−−) (see Landau & Lifshitz 1962).
The field equations (1) can be rewritten as
Gµν = X
(
T (m)µν + T
(c)
µν
)
, (2)
where Gµν is the Einstein tensor and T
(c)
µν is the curvature
energy-momentum tensor that comes out when we introduce
curvature higher order terms in the Lagrangian (Capozziello
2002). It is defined as
XT (c)µν =
[
1− f ′(R)
]
Rµν +
1
2
gµν [f(R)−R] +
+∇µ∇νf
′(R)− gµνf
′(R) , (3)
and vanishes as soon as f(R) = R. As we can see, in the
right side of equation (2), there are two fluids: a standard
matter fluid and a curvature fluid. In this way we can treat
even the ETGs as the GR in the presence of two sources (see
Capozziello et al 2012, for details). Note that these quanti-
ties satisfy the Bianchi identities, in fact, using the following
properties
[∇γ ,∇β]V
α = −RαρβγV
ρ , (4)
where V α is a generic vector, and
[∇µ,∇ν ]f
′(R) = 0 , (5)
it is straightforward to show that
∇µ(XT (c)µν ) = 0 , (6)
so that the total energy-momentum tensor can be written
as
Tµν = T
(m)
µν + T
(c)
µν , (7)
1 Here we use the convention c = 1.
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and then ∇µTµν = 0. Let us now perturb the metric tensor
up to c−2 so that the Ricci scalar becomes
R ∼ R(2) +O(4) , (8)
and the n-th derivative of the Ricci function can be devel-
oped as
fn(R) ∼ fn(R(2) +O(4)) ∼
∼ fn(0) + fn+1(0)R(2) +O(4) ,
(9)
where R(n) indicates a quantity of order O(n). From low-
est order of field equations (1), we have f(0) = 0 which
trivially follows from the assumption that the space-time is
asymptotically Minkowskian. Equations (1) at O(2) - order
(Newtonian level) become


R
(2)
tt −
R(2)
2
− f ′′(0)△R(2) = X T (0)tt ,
−3f ′′(0)△R(2) −R(2) = X T (0) ,
(10)
where △ is the Laplacian in the flat space, R
(2)
tt = −△Φ and
for simplicity we set f ′(0) = 1. We recall that the energy
momentum for a perfect fluid considered is the following
Tµν = (ǫ+ p)uµuν − pgµν , (11)
where p is the pressure and ǫ is the energy density of perfect
fluid. Then we have


△Φ + R
(2)
2
+ f ′′(0)△R(2) = −Xρ ,
3f ′′(0)△R(2) +R(2) = −Xρ ,
(12)
where ρ is the mass density. We note that f ′′(0) = 0 we have
the Newtonian mechanics: △Φ = −4πGρ. This equation
can be considered the modified Poisson equation for f(R)-
gravity.
From the Bianchi identity (satisfied for first line of eq. 1) we
find
∂p
∂xk
= −
1
2
(p+ ǫ)
∂ ln gtt
∂xk
. (13)
Let us suppose now that matter satisfies a polytropic
equation p = K ργ with K free independent parameter or
a constant with fixed value and γ the polytropic exponent.
Since ǫ = ρc2, equation (13) satisfies this relation
γK
γ − 1
ργ−1 = Φ → ρ =
[
γ − 1
γK
] 1
γ−1
Φ
1
γ−1 = AnΦ
n
(14)
where n is the polytropic index, which is defined by n = 1
γ−1 .
We remember that in non relativistic limit we have γ = 5
3
and n = 3
2
while for the relativistic limit γ = 4
3
and n = 3.
Note that for this cases, where the equation of state a poly-
tropic form, the polytropic constant K is fixed and can be
calculate from a natural constants.
Here, using the above equation (12) and after some calcu-
lations, we get the general form of the MLEE which reads
as
d2w(z)
dz2
+
2
z
dw(z)
dz
+ w(z)n =
=
mξ0
8 z
∫ ξ/ξ0
0
dz′z′{e−mξ0 |z−z
′| − e−mξ0|z+z
′|}w(z′)n ,
(15)
where z = R/ξ0 is a dimensionless radius given in units of
the polytropic radius, which is defined as
ξ0 =
√
3
16πG
K1/2(1 + n)1/2ρc
1−n
2n . (16)
The dimensionless function w(z) = Φ/Φc gives the gravita-
tional potential normalized to its central value
Φc = ρc
1/n(n+ 1)K, (17)
where ρc is the central density, while K and n are the con-
stant and the index of the polytropic equation of state
P = Kργ γ = 1 +
1
n
. (18)
The quantity mξ0 in the right-hand side of equation
(15) is related to the effective length scale of the Yukawa-
like correction term to the Newtonian potential. Defining
LY = 1/m, we may write mξ0 = ξ0/LY; when LY/ξ0 ≫ 1,
mξ0 → 0, the gravitational potential asymptotically be-
comes Newtonian, and the right-hand side term of equation
(15) goes to zero, in turn recovering the GR case.
It is well know that analytical solutions for the classical
Lane-Emden equation exist only for three values of the poly-
tropic index n, equal to 0, 1 and 5, respectively. Of these,
only n = 0 and n = 1 give finite-radius solutions.
The situation of course gets even more complicated in the
case of MLEE, for its full integro-differential nature– in
this case analytical solutions are available only for n=0 (see
Capozziello et al. 2011).
A systematic investigation of polytropic stellar structures
thus requires the developement of numerical methods aimed
at obtaining general solution of equation (15). This is ac-
tually necessary for both f(R) and GR models, given that,
e.g., degenerate non-relativistic (n = 3/2) and relativistic
(n = 3) polytropic equations of state are needed to build up
stellar models.
3 DESCRIPTION OF THE ALGORITHM
Let us numerically solve equation (15) using an iterative
procedure described as follows. If we define wi(z) the func-
tion at the ith-iteration and define the integral term of the
right hand side as ℵ[w(z′)], the iteration algorithm can be
written as
d2wi
dz2
+
2
z
dwi
dz
+wni =
mξ0
8 z
ℵ[wi−1]. (19)
In the framework of a numerical procedure, the term
on the right-hand side of equation (19) can be viewed as a
c© 0000 RAS, MNRAS 000, 000–000
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Figure 1. Numerical solutions of the Lane-Emden equation (15)
for different values of the polytropic index n. For each value of
n, two solutions are reported: mξ0 = 1 (continuum line) and
mξ0 = 0 (dashed-line). The first case gives w(z) corresponding to
field equations with f(R), the second to f(R) = R.
source term of a non linear second order differential equa-
tion. We can now rewrite the equation as a system of two
first-order differential equations in the form


dwi
dz
= ki,
dki
dz
= − 2
z
ki − w
n
i +
mξ0
8 z
ℵ[wi−1],
(20)
with boundary conditions wi(0) = 1 and ki(0) = 0, respec-
tively.
The last term on the right-hand side of the second equation
is proportional to the quantity ℵ[wi−1] which is determined
by the function wi−1 obtained at the (i− 1)th-iteration. At
the first iteration i = 1, an initial guess for w0 must be
given, and we choosed w0 = 1. The solution of the system
(20) is obtained via a coupled 4th-order Runge-Kutta inte-
gration method up to the value zmax = ξ/ξ0 with the above
mentioned initial conditions
The regular and smooth behaviour of the function w(z)
in its domain of definition allows to compute the integral on
right-hand side of equation (15) using the Gauss-Legendre
quadrature according to the general rule
∫ zmax
0
f(z)dz ≈
ξ
2ξ0
n∑
j=1
q(zj)f(
ξ
2ξ0
zj +
ξ
2ξ0
), (21)
where
q(zj) =
2
1− zj2[Pn
′(zj)]2
, (22)
are the weights and zj is the i
th root of the Legendre poly-
nomial Pn(z). The values of the function f(z) (see eq. 15) at
the nodes zj are computed by mean of a linear interpolation.
As we are interested in finding self-consistent solutions,
which in turn correspond to determine the stellar radius of
the polytropic star, it is worth pointing that zmax is not
 3
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Figure 2. Stellar radius in units of the polytropic radius ξ0 (see
equation 16) as a function of the normalized Yukawa length scale,
for different values of the polytropic index n, obtained from the
numerical solution of equation (19). The quantity along the x-axis
actually is equal to 1/mξ0, where m2 = −1/3f ′′(0).
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Figure 3. Stellar radius zmax in units of ξ0 as a function of the
polytropic index n for different values of the normalized Yukawa
length-scale LY/ξ0.
given by hand as a free parameter, but at each iteration it
is determined by the value of z such that w(z) = 0.
In this way, the two input parameters required to de-
rive a full solution of equaton (15) are the polytropic in-
dex n and the product m ξ0. Bearing in mind that m
2 =
−1/3f ′′(0) and 1/m = LY defines the characteristic scale of
the Yukawa-like correction to the Newtonian potential, the
quantity 1/mξ0 = LY/ξ0 just expresses the Yukawa lenght
scale in units of the polytropic radius ξ0. The fastness in the
convergence of the iteration procedure depends on the ini-
tial guess of the w(z) function, and we found that the setting
w0(z) = 1 provides convergence after just a few iterations.
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4 RESULTS
The robustness of the solving algorithm described in Section
3 allowed us the possibility to explore the solutions of the
MLEE for any value of the poliyropic index n < 5 and the
Yukawa length scale LY/ξ0 and compare them with the case
of GR. The latter case simply corresponds to setting mξ0 =
0 in equation (15).
In Fig. 1 we report the function w(z) for LY/ξ0 = 1 and
four different peculiar values of the polytropic index n. For
each value of n we also reported the solution of the classi-
cal LE equation (mξ0 = 0); we remind the reader the when
n = 0 and n = 1 the classical solution admits the analyt-
ical expressions w0(z) = 1 − z2/6 and w1(z) = sin(z)/z,
respectively.
The other two function w(z) in Fig. 1 correspond to the
polytropic equation of state of a degenerate non-relativistic
(n = 3/2) and relativistic (n = 3) gas, and can be of rel-
evant astophysical interest for instance in the study stellar
structure of compact objets. As already known, for any fixed
value of n, the radius is higher for f(R)-models than GR-
models, and the higher the polytropic index, the higher is
the stellar radius zmax = R/ξ0.
To investigate how more generally zmax depends on the
Yukawa length-scale value, we subsequently performed a set
of runs with a grid of values of LY/ξ0 spanning several or-
der of magnitude, with results reported in Fig. 2. For clarity
plotting purposes we show results for values of n from 1
to 3 with stepsize of 0.5. From the figure it can be seen
that the deviations from the GR-values occur in a range
10−4 . LY/ξ0 . 1, which does not approximatively depend
on the politropic index n. The region characterizing the de-
viations between GR and f(R) solutions has a sharp increase
around LY/ξ0 ∼ 10
−4, followed by a plateau and a subse-
quent fast transition to the classical solution at LY/ξ0 ∼ 1.
For n > 2 the right hand part of the plateau also shows a sec-
ondary superposed increase of zmax before the steep decay
to the classical solution and specularly in the region around
LY/ξ0 ∼ 10
−4 the value of zmax is slightly lower than its
GR-solution.
It is also worth noting that in all cases LY/ξ0 < zmax,
or LY < R∗, thus the Yukawa correction term, no matter
which is its true value in the considered region, acts on a
characteristic length scale lower than the stellar radius. We
consider this point of key importance in the framework of
the determination of the stellar structure.
In Fig. 3 we report the behaviour of the stellar radius
as a function of the politropic index n between 0 and 4 and
for 10−4 6 Ly/ξ0 6 10, which corresponds to the range of
Yukawa length-scales where deviations occur from the clas-
sical solutions (see Fig. 2). The data can be well fitted by
a function zmax(n) = a exp(−b n) + c with a in the range
∼ 0.16 ÷ 0.27, b ∼ 1 and c in the range ∼ 2.4 ÷ 2.9.
5 STELLAR MASS AND GRAVITATIONAL
ENERGY BINDING
The solution of the LEE allows, for given values of the cen-
tral density, the polytropic index n and the constant K of
the polytropic relation p = Kρ1+1/n, to find the mass and
the gravitational binding energy of a polytropic star. In the
case of classical solution of the equation, the values are
M = 4πρcR
3
(
−
1
z
dw
dz
)
z=zmax
, (23)
and
Eg = −
3
5− n
GM2
R
. (24)
In more general case of MLEE, Eg andM can be written
as
M =
∫ Rmax
0
ρ(x)dx, (25)
and
Eg =
∫ Rmax
0
Φ(x)ρ(x)dx. (26)
While keeping in mind the definitions Φ = wΦc, Φc =
ρ
1/n
c (n + 1)K, and ρ = ρcw
n, equations (25) and (26) can
be rewritten as
M = 4πξ30ρc
∫ zmax
0
wnz2dz, (27)
and
Eg = −4πξ
3
0(n+ 1)Kρ
1/n+1
c
∫ zmax
0
wn+1z2dz, (28)
where w(z) is a solution of the LE equation (15), and de-
pends on n and m ξ0. When m ξ0 → 0, equations (25) and
(26) can be solved analytically and reduce to equations (23)
and (24), respectively, while in the general case of f(R)-
gravity they need to be solved numerically.
Let us now consider for any given polytropic index n,
the solutions of equation (15) for the case of f(R) and GR
gravity, which we label as wf(R) and wGR, respectively. Using
equations (27) - (28) we can now write
Mf(R)
MGR
=
∫ zmax
0
wnf(R)z
2dz∫ zmax
0
wnGRz
2dz
, (29)
Egf(R)
EgGR
=
∫ zmax
0
wn+1f(R)z
2dz∫ zmax
0
wn+1GR z
2dz
. (30)
It is evident that equations (29) and (30) are very useful
for finding relative masses and gravitational binding energies
between f(R) and GR stellar models, for any desired choice
of the parameters K and ρc, which indeed do not appear.
The results of these ratios are reported in Fig. (4) for a range
of values of LY/ξ0
Looking at Fig. (4), it is worth noting that the value of
the ratios Mf(R)/MGR and Ef(R)/EGR are very closed each
other. This is not surprising, given that in equations (29)
and (30) the only difference is the change in the power of
the w(z)-function from n to n+ 1.
The most relevant result is that in f(R)-gravity masses
and associated gravitational energy binding values can ex-
ceed up to 50% of their classical value for 10−3 . LY/ξ0 .
10−1. Furthermore, we have two characteristic gravitational
radii, the standard Schwarzschild one
Rs =
2GM
c2
, (31)
c© 0000 RAS, MNRAS 000, 000–000
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Figure 4. Ratio of the masses and gravitational binding energies
for f(R) and GR polytropic stars (see eqs. 29-30 as a function
of the normalized Yukawa lenght scale LY/ξ0. The results here
reported are obtained for a politropic index value n = 3 but
actually they are the same for any value of n (see text).
where M is defined by equation (27) and, as we have seen,
a length related to the Yukawa correction. Keeping in mind
the definition of ξ0, equation (16), and defining LY = αξ0,
where α = 1/mξ0 and m
2 = −1/3f ′′(0), we obtain
LY
Rs
=
α2c2
3Kρ
1/n
c (1 + n)F (w, n)
, (32)
where
F (w, n) =
∫ zmax
0
wnz2dz . (33)
For values of n in the range 1 ÷ 4, the ratio de-
fined in equation (32) ranges from ∼ α 104K−114 (ρ100)
−1
to ∼ α 105K−114 (ρ100)
− 1
4 where ρ100 = 10
−2ρc and K14 =
10−14K. Looking at Fig. 4, the range of values of α = LY/ξ0
for which significant deviations from standard Newtonian
theory occur is 10−4 . α . 0.1. This means that a sec-
ond gravitational radius, acting on scales larger than the
Schwarzschild radius, can be defined. From a dynamical
point of view, in principle, this fact can be interpreted as the
possibility to stabilize more massive self-gravitating systems
that cannot be achieved in standard GR. In other words,
very massive exotic objects that could not be obtained as
solutions of the standard theory of stellar structures could
be achieved in the framework of f(R)-gravity.
6 DISCUSSIONS AND CONCLUSIONS
The developement of an efficient algorithm aimed to solve
the Lane-Emden equation for stellar structures in f(R)-
gravity allows to open unexplored possibilities for self-
graviting systems and stellar structures. In particular, we
have seen that higher-order gravitational corrections give
the possibility to extend the range of stable stellar struc-
tures by inducing a further characteristic gravitational ra-
dius that, if compared with the Schwarzschild one can rule
these new structures.
In general, one can get more massive structures that re-
main stable. These toy-models have of course to be refined
considering also values of physical interest for the costant K
of the polytropic relation, the central density ρc and other
secondary parameters. Specifically, a further numerical step
and refinement will consist in building up realistic stellar
models where the structure is divided into a given number
of shells, each with its own polytropic equation p = Kiρ
γi .
For each ith shell, one has to solve equation (15) by us-
ing, as Cauchy initial conditions, the values w(zi−1out ) and
w′(zi−1out ) where z
i−1
out corresponds to the outer border of the
bottom (i− 1)th shell. This would be particularly desired
for main sequence model with a central nuclear burning core
surrounded by a convective envelope. Besides, the algorithm
could work also to describe structures out of the main se-
quence, peculiar objects and systems in the instability strip
since boundary conditions on the MLEE are less restrictive
with respect to those requested for standard LEE. Finally,
as discussed in Astashenok et al. (2013), in the case of ob-
servation of self-gravitating systems that escape standard
description of GR, this could constitute a straightforward
testbed for alternative theories of gravity.
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